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ARTICLE INFO ABSTRACT

Keywords: Non-stationarity is ubiquitous in human behavior and addressing it in the contextual bandits
Contextual multi-armed bandit is challenging. Several works have addressed the problem by investigating semi-parametric
Graph Laplacian

contextual bandits and warned that ignoring non-stationarity could harm performances. Another
prevalent human behavior is social interaction which has become available in a form of a
social network or graph structure. As a result, graph-based contextual bandits have received
much attention. In this paper, we propose SemiGraphTS, a novel contextual Thompson-sampling
algorithm for a graph-based semi-parametric reward model. Our algorithm is the first to be
proposed in this setting. We derive an upper bound of the cumulative regret that can be expressed
as a multiple of a factor depending on the graph structure and the order for the semi-parametric
model without a graph. We evaluate the proposed and existing algorithms via simulation and real
data example.

Semi-parametric reward model
Thompson sampling

1. Introduction

In contextual multi-armed bandits (MAB), a learning agent sequentially chooses actions while balancing to maximize the reward
(exploitation) and to learn the reward mechanism as a function of contexts with higher precision (exploration). Algorithms for
contextual MAB problems have demonstrated their usefulness in many applications including recommendations of news articles,
advertisements, or behavioral interventions [16,22,23]. Thompson sampling (TS)-based algorithms randomly choose an action from
repeatedly updated posterior, and have been widely used among other bandit algorithms [21,12,3].

The semi-parametric contextual bandit [11,14,13] models the mean of the reward by a linear function of the contexts and a
time-varying intercept. The algorithms for semi-parametric models allow the reward distribution to change over time in a non-
stationary manner. For example, behavior may change over time depending on the user’s circumstances or preference for a shopping
item may change according to a time trend. These may not be captured in the context vectors. In the single-user setting, the semi-
parametric bandits have demonstrated success in accommodating non-stationarity in mobile health and product recommendation
[11,13,19,18].
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In many real-life settings, there are multiple users and the relationships among the users in a social network are often available
as side information. Such graph information has been utilized in recommendation [16,9,20]. Several graph-based contextual MAB
algorithms have been proposed to take the graph information into account under the ordinary linear reward assumption [6,10,24,
17,26]. The aforementioned graph-based methods have shown to take advantages of a graph structure and perform well, but may be
restrictive in real-life settings when the rewards tend to change over time.

Our goal is to construct a semi-parametric bandit algorithm that accommodates multiple users equipped with a network, with
practically feasible computational cost. To the best of our knowledge, our algorithm is the first algorithm proposed in this setting.
The main contributions of the work presented in this paper are as follows.

« We propose SemiGraphTS (semi-parametric-graph-Thompson-sampling), a novel TS algorithm for a setting in which each user’s
reward follows the semi-parametric model and user-specific parameters are regularized by the given graph.

+ We derive an upper bound of the cumulative regret for SemiGraphTS, which be expressed as a multiple of a factor depending
on the graph structure and the bound from the semi-parametric model without a graph.

+ We propose a novel scalable estimator for the user-specific parameter that incorporates the estimators from the neighbors defined
by the graph structure while conditioning out time-dependent coefficients. This plays a crucial role in building the SemiGraphTS
algorithm. We establish a high-probability upper bound for its estimation error.

2. Model and problem setting

We study the semi-parametric contextual bandit problem for multiple users equipped with a user network. Suppose that there are
n users, say j € V ={1,...,n}. For each time step =1, ..., T, the learning agent is instructed which user to serve, say j,. The agent is
supposed to recommend an item or pull an arm for the target user based on the previous action history and the contexts describing
the items. Suppose that there are N candidate arms, say i = 1,..., N, and that a context vector b,(f) € R? represents the feature of the
i-th item at time ¢. We denote by a(?) the selected arm to recommend to the target user. We let r; ;(7) be the reward for arm i, user
J at time ¢. Upon the action, the user returns a user-specific reward for the chosen arm, say r, ; (t). The information given to the

learner at time ¢ is formally described as filtration F,_; = {j,, {b;(")}Y,} U (U':] Ue b a0, oy, (r)}).
The multiple-user semi-parametric reward model is described as below:

r O = v+ b0 w4, ), )

fori=1,...,N,j=1,....,n,and t=1,...,T. Here, y; € R¢ denotes the unknown user-specific parameter that represents the preference
of the j-th user for a given context. The intercept v;(?) indicates the baseline reward for user j at time 1. We do not impose any
parametric assumption on the functional form of v;(r); we allow the baseline to arbitrarily change over time and users, whatever
gradually and abruptly. When v;(#) = 0 for all j, (1) is reduced to the standard linear reward model. Without loss of generality, we
assume a uniform boundedness of the contexts and true parameters, i.e., |v;(H)| < 1, [|b;()|| < 1 and ||y;|| <1 for all i, j and ¢, where
|l - Il denotes the vector £, norm. This assumption can be satisfied by rescaling the data. We assume that the random error #, ;(t)
satisfies E(n; ;(1)|F;_;) = 0. If n=1, (1) coincides with the single-user semi-parametric bandit problem. In addition, we assume that
n;;(1) given F,_, is R-sub-Gaussian, that is, for every c € R,

E [expien; ;(0}F;_y] S exp(c®R*/2), (2

for all i, j,t, which is a common assumption in the literature for theoretical derivations.

The optimal arm a*(¢) is defined as the arm that maximizes the expected reward for the j,-th user given the history, that is,
a*(t) = argmax; E(r; ; (0|F,_;) = argmax; {v; (1) + b,-(t)Tyjr} = argmax,-{b,-(t)Tyjt }. Although a*(¥) may be different across users, in each
round ¢, only one user enters, and we omit the subscript. Regret at time 7 is defined by the difference between the expected rewards
from the optimal arm and the chosen arm,

regret(t) = E(r g j, OIF =) = E(ryq ;, OIF1_)) = bam)(t)Ty G~ ba(,)(t)T Hj,-

The goal of the agent is to minimize the cumulative regret, R(T) = ZL regret(t).

In graph-based bandit settings, the user network is given a priori as the side information. Without any information on the user
network, the problem reduces to learning » independent instances. In order to clarify the concept, we initially assume that the given
network is undirected and simple. Nonetheless, our approach can readily be extended to accommodate weighted and/or directed
networks. This will be discussed further in the final portion of Section 4. Let G = (V, E) be an undirected simple graph, where a node
j€V ={l,...,n} corresponds to a user and an edge {j,k} € E represents the link between users. There are several ways to uniquely
represent G as a Laplacian matrix L = (/;;) € R™". We employ the random-walk normalized Laplacian defined by

i, 3
1 0 otherwise,

{—l/deg(j) if (j.k} € E,
I, L=

for j,k=1,...,n with j # k. The choice of random-walk normalized Laplacian is particularly useful in the regret analysis and dis-
cussed after the proof sketch. In addition, let A; = 37 /ey = p1; = X syer M/ deg(f). A; is the difference between the parameter
associated with user j and the average of her neighbors’ parameters. Clearly, ||A;|| is small if 4; and its neighboring y,’s are similar.
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In an extreme case, we have A; =0 if y; = y, for all neighbors k. In Section 4, we will see that the regret bound and the parameter
convergence rate depends on max, ;, [|A;]|, the maximum “dissimilarities” between user-specific parameters. Our working assump-
tion is that [|A,|| is small for all j, i.e., the user-specific parameters are smooth on the graph. Without loss of generality, we assume
that G is connected. If not, each connected component of users do not share any information of parameters and it suffices to learn
each connected component separately.

In addition, let ||x|| , = V/xT Ax for x € R¢ and a positive semi-definite A € R¥*¢. A matrix-valued inequality A > B (A > B) denotes
that A — B is positive semi-definite (positive definite).

2.1. Related work

Since linear contextual MAB problems for single users were investigated [2,3], there has been a rich line of works on contextual
bandits in recent years. For conciseness, we focus on works that consider either the semi-parametric model for single user or the
linear model for multiple user equipped with graph.

Semi-parametric contextual MABs for single user The semi-parametric reward model for a single user [11,14,13] assumes, say

() =v(t) + b, p + (D), 4

which is a special case of our model (1) with n = 1. Greenewald et al. [11] first proposed (4). A novel challenge in the semi-parametric
bandit problem is to mitigate the confounding effect from the baseline reward. Greenewald et al. [11] considered a two-stage TS
algorithm that fixes a random base action and contrasts the base and other actions. Krishnamurthy, Wu, and Syrgkanis [14] proposed
another TS algorithm that contrasts every pair of actions repeatedly. Kim and Paik [13] proposed a single-step TS algorithm and
arguably the state-of-the-art in this setting. Specifically, for each time 7, they estimate yu in (4) by fi(t) = B(t)~! Z':] 2X 1oz 1(7), Where
X, = by (2) = E(byry(®)|F,_)) and B(t) =, + =, + I, where £, = ¥'_| X, X7, and £, = ¥'_| E(X,XT|F,_,). Compared with Agrawal
and Goyal [3], a TS algorithm under the standard linear reward model, the context vector and covariance part were centered by
E(by(ry(7)IF,—1), which is crucial for ruling out the confounding effect of v(f). The regret bound derived in Kim and Paik [13] has the
same order with that in Agrawal and Goyal [3].

Linear graph-based bandit algorithms for multiple users ~ Algorithms for graph-based linear contextual bandits have been proposed under
the following model [6,10,24,17,26,15]:

r 0= b,’(t)Tﬂj +1;,;(0), N

which coincides with a special case of (1) when v;(r) = 0. Gentile, Li, and Zappella [10] proposed an algorithm utilizing the given
graph for clustering users, where those in the same cluster are represented by the same parameter. Li et al. [17] generalized Gentile,
Li, and Zappella [10]’s algorithm to address non-uniform user frequencies. Li, Wu, and Wang [15] proposed another clustering-based
algorithm that allows each y; to change abruptly over time. The regret bound proposed in this work depends on the number of
abrupt shifts and can be linear in T if the shifts occur proportionally to T. On the other hand, Casa-bianchi et al. [6] and Vaswani,
Schmidt, and Lakshmanan [24] proposed UCB- and TS-based algorithms with regret bound 5(dn\/7 ), where the entire parameters
for all users are estimated under regularization by a graph Laplacian. However, this led to scalability issues as a result of solving
an equation involving nd by nd matrix. Yang, Toni, and Dong [26] proposed a local version of the Casa-bianchi et al. [6] with
an improved regret bound O(®d \/n_T), where ® € (0,1) depends on G. It updates only the parameter associated with the user to
serve at each round. Specifically, Yang, Toni, and Dong [26] first calculates the ordinary least squares estimator /i, (r) for each user
k as if running » bandits independently. Then, y; is estimated by adjusting ; for ji(r) weighted by the Laplacian, particularly
i (0=, () —AC;, O ZLI L ki (), where 1 is a tunable parameter and G, is the gram matrix of the selected arm features for user
J; up to time ¢.

3. Proposed algorithm

A challenge is that we observe rewards that are correlated with neighbors defined from the given graph structure and yet whose
conditional mean changes over time. Existing algorithms designed for the semi-parametric reward model with single user settings
have only two choices: (i) to pretend that multiple users are actually the same person and estimate one parameter that applies
to everyone, or (ii) to assign different parameters to different users and update the parameter estimate based on data from the
corresponding user only. The risk of method (i) is that a single parameter is not able to incorporate the heterogeneity among users,
while the risk of method (ii) is inefficiency in learning parameters.

Our novel approach incorporates the network information in estimating each y; while handling the confounding by v;(#). To
be specific, we handle non-stationarity for each individual by conditioning, while simultaneously accommodating information from
neighbors. The key idea of conditioning is based on that the non-stationarity does not change across the arms, hence centering the
context around the mean for the arms does not alter the problem of finding the maximum reward across the arms. This allows us to
construct an estimator of y; that is robust to the effect of v;(¢) while exploiting the user affinity information via graph.

The proposed SemiGraphTS algorithm is described in Algorithm 1. Key steps include parameter estimation and Thompson
sampling steps.
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Algorithm 1 Proposed algorithm (SemiGraphTS).

1: Fix 4> 0. Set B,(1)= 41,1, y;(1)=0, and v, = 4R + 12)y/dlog { 24T*/8)(1 + A=)} + VAL + |2, ) for j=1,....n.

2: forr=1,2,...,T do
3: Observe j,.

4 for j=1,2,...,ndo
5 if j # j, then
6: Update B;(t+1) < B;(1), i;(t+ 1) « ji;(1), and y;(t + 1) < y;(0).
7 else
8 ;0 < ji;(0) = B;()™" Ty Ayt ().
9: [0« B;(t)+A° ki lkak(t)’l
10: Sample 7, (r) from N, (4, (1), ufF/.(t)‘l).
11: Pull arm a(t) = argmax; { b, (r)Tﬁj (1)} and get reward r ;(1).
12: (1) « Pa@®) =i|F,_)), i=1,...,N.
13: bty XN, 7, (0b;(t) and X, < b, (1) = b(r).
14: Update B;(r + 1)<—B[(t)+XIX’T+Z,A:I17t,(t)(b,(t) = bO)(b; (1) = BT, y;(t + 1)<y, (D+2X,ryq (0, and ji; (1 + 1) =B, + 1)y, t + 1).
15: end if
16: end for
17: end for

In the parameter estimation step, we propose a novel estimator i, (t) for the j;-th user, which is constructed as follows. Define

T;,={7 :j, =j,1 <7 <t},ie, T;, collects time indices when user ; is served up to time 1. We first calculate an unadjusted user-specific

estimator /i, (1) (k=1,...,n) proposed by

(D)= B Y 2X 1y 1 (2), (6)
fETk,r—l
where
B =S, + S, + Al dy, )

X, =byry(7) = Elb o) (DIF._ 1), ik’,=zfefk‘r71XTXTT, and % =¥ 5, | E(X,XT|F,_)), k=1,...,n. The expectation in X, and %,
originates from the randomness of a(r) given F,_,. The definition of /i, (¢) coincides with calculating a regularized version of Kim and
Paik [13]’s estimator for each user independently. Then, the main proposed estimator i, (1) is given by

H,®=p; - ﬁBjt(l)_l Z L by (). (8)
k#j;
Intuitively, ﬁj’(t) adjusts j ;0 by the neighborhood counterpart according to the graph structure. The designation of (8) is motivated
from Yang, Toni, and Dong [26] and carefully constructed so that the estimation error can be expressed in terms of three different
types of martingales (with respect to F,_,), n;, (), X;, and D, as follows:

n
i, (0—p; =B; 0" cjl—,mjﬁz‘, M, z (Xem;, (D + AD) ¢ |
k=1

€Tk -1

where Ak(t)zZTeTk‘HDTMk+ZTeTk‘H 2X, (vl +b(@)" ), D, =X, XT—E(X, XT|F,_)), Mj; =1, if j=k and Al;; B, ()" if j # k, and ¢;
is a constant term bounded by A. Centering induces X, which in turn absorbs non-stationary term, v, (z). Detailed proof of sketch is
provided in the next Section. The tuning parameter 4 controls the influence of the graph structure. For a larger 4, (8) indicates that
adjacent nodes more profoundly affect on fi; . Our regret analysis does not make any assumptions based on 4, except for 1> 0.

In the Thompson sampling step, we propose to sample ﬁj,(t) from N, d(ﬁj,(’), Ulz.t r;, ®~"), where

l“j(t)=Bj(t)+/1221/2.kBk(t)‘l. )

k#j
The form of I';(r) is analogous to [26]’s variance formula that was developed under the stationary reward model (v;(t) = 0). If
the parameters for all users are estimated simultaneously under regularization by a graph Laplacian and each error term 7, ;(1)
independently follows a mean-zero homoscedastic distribution, it can be shown that I (z), [,(¢), ---, [,(t) are approximations for the
block diagonals of the precision matrix of the estimate of y, where u € R™ concatenates y, -+, u, into one vector. Detailed derivation
of (9) is described in Appendix B. Since each B, () is positive definite, it holds that I" e )~ '<B B (™! This intuitively means that T O
contains more information than B; () by incorporating the neighborhood information. As a result, our proposed sampling searches
over narrower region around /i, () than the sampling with variance ujz.! B jr(t)_l' This leads to an improvement of regret up to a factor
less than one compared to an algorithm without graph, as we will see in the next Section. Finally, we select the arm a(r) that satisfies

a(t) = argmax { b[(t)Tﬁj, ®}.
It is worth mentioning that the proposed estimator /i; and Thompson sampling step are local, in a sense that we run the procedure
only for user j, at each time, not for the entire users. The idea of local update appears natural because we have no updated information

about the other nodes at time z.
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The terms related to the conditional expectation can be calculated as follows. We define z;(¢) as the probability of choosing the i-th
arm at time 7, that is, r;(r) = P(a(r)=i|F,_;). This is determined by the posterior distribution of ﬂj’(t), which calls for the evaluation of
an integral of a multivariate normal density on a polytope. One may employ well-known approximation algorithms for the integral,
for example, Wilhelm and Manjunath [25] and Botev [4]. In our experiments on both synthetic and real data, the Monte Carlo
approximation performed well. Once 7,(1) is obtained, we can calculate E(b,,(1)|F,_;) = E(Zlﬁ Ha@=0b;OIF,)) = Zfi L 7 (Db ().
Similarly, E(X, X |F,_;) = Z,-]i] 7 (1)(b; (1) = B)(b; (1) = b1)T, where b(r) = E(b ) (DIF;—y)-

The computation complexity of the proposed algorithm is O(d>N + d? deg(j,) + M(d* + d N)) if we use the Monte Carlo approxi-
mation for evaluating r;(t), where M is the number of Monte Carlo samples. Note that the complexity does not depend on #; thus,
the proposed algorithm is scalable for large graphs, provided that the average degree of nodes is in a moderate range. To see why,
first, i o and r; ® in (8) requires O(d*deg(j,)) computations given ji,(¢). As for ji,(f) and B, (¢), note that B;(t)=B;(t-1) and
i) = j;(t = 1) if j # j,. Thus, fi,(r) and By (¢) is computed only for k = j,, which requires 0O(d?>N) operations. In addition, the Thomp-
son sampling step and the approximation for z,(r) cost O(M (d*>+d N)). To compare with the fastest algorithms in similar settings, Kim
and Paik [13] and Yang, Toni, and Dong [26] require O(d>N + M(d?> +d N)) and O(d> deg(j,)) operations, respectively. Although the
proposed algorithm has slightly increased order, in the Experiments Section, we demonstrate that the actual runtime of the proposed
method is comparable to those fastest algorithms.

4. Regret analysis

We present the high-probability regret upper bound for the proposed SemiGraphTS algorithm. A sketch of proof is provided for a
key step. The complete proof can be found in Appendices Appendix C and Appendix D in the Supplement Material. The regret bound
for SemiGraphTS is described in the following theorem.

Theorem 1. Assume (2) and 6 € (0,1). Under the semi-parametric linear reward model (1), with probability 1 — 8, the cumulative regret
from SemiGraphTS (Algorithm 1) achieves

RTISY 0(\1‘,,T {\/dlog<|T,,T|>+\/I||A,-||} xmin{/d1og(@D),/log(NT) | /dIT, 7| log<|T,-,T|>>, (10)
j=1

where ¥, = erT/T ||Xz||rj(f)fl/2xer/, ||Xr||B,(z)*1-

We note that Y€1 due to r; RS B, (t)~!. A simpler representation of our regret is 5(maxj‘Pj,T -d\/ﬁmin{ \/E Vl1og(N)}),
if we assume |7} 7| ~ T /n (each j, is uniformly chosen at random). Compared to the regret bound derived in Yang, Toni, and Dong [26]
for the linear graph bandit model, ours has an additional min{+/d log(dT),y/log(NT)} due to the Thompson sampling; other parts are
the same, although our model has additional nonparametric intercept v;(f). Running Kim and Paik [13]’s algorithm for each user

independently under the same setting leads to the same form of regret bound with (10), except for the term ¥, {4 /d log(|T; 1)+

\/E 1A, 11} is replaced with 4 /dlog(|7; r|) + \/Ellll ;1. Since ¥; 7 € (0,1), the regret bound of the propose algorithm is strictly lower

than that from running Kim and Paik [13] independently, provided ||A Gl Nwsll
The outline of the proof for Theorem 1 follows Agrawal and Goyal [3] and Kim and Paik [13]. Major modifications are made at
establishing a high-probability bound for z () = uj,, as stated in the theorem below.

Theorem 2. Assume that the settings for the semi-parametric linear reward model (1) hold along with (2). Let E” () be an event satisfying

By = {Vi : 10T (1,0 = )] <50, 0ao)

- L

i

where b{(t) = b,(1) = b(1), 55, (1) = 16Dl (p-+ and

a(t)= (4R + 12)\/2d10g {2‘;—’4(1 + %)} + V220 + 114, 1D

Foralls€(0,1) and t > 1, P(ER(1)) > 1 - 6/12.

The proof for Theorem 2 carefully leverages the structures of B;(#) and I';(?). First, the lemma below enables us to induce st.I )
from |b§'(t)T(ﬁ () — J})l while encapsulating the other terms into quadratic forms associated with B jl(t)‘l.

Lemma 3. For any x,y€R? and j=1,...,n,

T -1
X7 B0y < V201l -1 19111
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1 1
. P — _ . . . T _l _ — 3 _1
Proof. For simplicity, let B; = B;(f) and I'; =T;(z) for all j. By the Cauchy-Schwartz inequality, x B ly=aT, ZF}? Bily<
||x||]71 \ /yTBj‘IF/-Bj‘ly. Note that Bj" <(Al;;))7'1,. Then, by (7) and (9),

BT =1+ Y P BB < T+ 312 /1) ] . 11
= kij

By (3), we have Zk;&jljz-k/(ljjlkk)sl' So, the bound in (11) is further bounded by 21I,. Therefore, 4 /yTBj_IFij_lyS \/EIIyIIB_l. This
i
concludes the proof. []

Then, we utilize the lemma below to simplify random quadratic forms caused by neighboring users’ intermediate estimators /i, (1)

(k# jp)-
Lemma 4. For any x€R? and j,k=1,...,n,
||Bk(t)_1x||Bj(,)71 < xl gy -1 /4 A2 e

Proof. By (7), it suffices to show (ul; + A)(vI,; + B)(ul,; + A) > uv(ul; + A) for any scalars u, v > 0 and positive semi-definite matrices
A, B. Observe that (ul, + A)(vI, + B)ul, + A) = v(ul, + A)? + ul, + A)Bul, + A) > vl + A =u?v(I; +u ' AP > (I, +u™ ' A) =
uv(ul; + A), which completes the proof. []

Finally, we separately bound each of the simplified terms by employing the technique of Abbasi-Yadkori, Pal, and Szepesvari [2].
We apply a union bound argument to obtain a uniform bound.

Sketch of proof for Theorem 2. Detailed derivations for key inequalities are provided in Appendix C. Suppose that the semi-
parametric reward model (1) holds. Fix ¢ and §. Let i 5,0, By () and i, (1) be as in (8), and (6). For simplification, we write as
b, =b(7) and 5, =1, ; (7) for t=1,...,1 =1, and j = j, with slight abuse of notation. By algebra and Lemma 3,

6
16T @0 - )l < V258,0 Y G, (12)
I=1
where
C = 22:1 Mjk/"k”gj(,)—h G = Zk;&j ’”jkBk(l)_lNkkﬂk”gj(;)—l5
C3 = ” ZTET/J—I XT”T”B/»([)_I ) C4 = ” Zk;&j /”jkBk(I)_l ZTGT]-JifXTrlT”Bj([)_I 5 (13)
Cs= ||Aj(t)||Bj(,)_1, Co =l Xhej AljkBk(z)—lAk(t)llB/(,)-l,
with

A=Y D+ Y 2X, (v(@+b@) ),
€T} 11 €T} 11
k=1,....n,and D, = X, XT —E(X, XT|F,_).
For C,, we have C, < \/E||Aj|| from B;(t)~! < (4l;;)"'1,. For C,, from Lemma 4, we have C, < \/Ezk¢j(|1jk|/./1j,)||ﬂk|| and so
C, < \/; by |||l <1 and (3). To bound C; and C,4, we first observe that applying Lemma 4 to C, yields

Z Xon,

€Tk -1

n
[kl
e <2y 2 (14)

=t VEijlek

Next, for each k, Lemma A.1 in Appendix A yields the following with probability at least 1 — 6(|7;,_;| + 1/n)/3:

2414 1
X < R4/dl {1+ — . 15
Z e - \/ og{ 6 < " Al > } (1%

€T -1 B, (1)1

B ()~

Since Y, _,(IT;,_i|+1/n) =1, a union bound argument shows that event (15) holds for all k = 1,...,n with probability at least 1—6/>.
Under this event, (14) and along with (3) yields

4
c3+c454R\/dlog{%(1+%)}. 16)

Now, for Cs5 and Cg, applying Lemma 4 to Cg4 leads to
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n
[l
Co+Co< Y —=

=1 Ve

To bound || 4, ()| Bun-1 Ve first use the definition for a fixed k,

Z Drl‘k

TGTk,z—l

”Ak(t)”Bk(t)—' . an

4O 5,01 2| D Xo(vi® + B 1)

TGTk,z—l

+

B (1) B (!

Using the fact that X, and D, are mean-zero random variables given 7,_,, we can follow the techniques in Theorem 4.2 of Kim and
Paik [13] to bound each term in the right-hand side of the equation above. Then, by a union bound argument,

244 1
||Ak(t)||3k(,>—1 < 6\/d log { e <1 + m) } (18)

uniformly for all k = 1, ..., n with probability at least 1 —25/(3r%). Combining (17), (18) and the definition of random-walk Laplacian
(3), we have with probability at least 1 —25/(3t%)

4
C5+C6512\/dlog{%(l+%)}. (19)

Finally, plugging the bounds of C,, C,, (16), and (19) into (12) completes the proof. []

Remark 1. In our proof, we utilized the definition of the random-walk normalized Laplacian (3) to deduce (i) Y k) lj?k /d il <1 in
(11); (i) 22:1 |ljk|/\/ljjlkk =2 in both (14) and (17); and (iii) ;=1

Remark 2. We note that the SemiGraphTS algorithm and Theorem 1 is applicable to weighted and/or direct graphs by generalizing
the definition of the random-walk Laplacian (3). First, we consider an undirected weighted graph G. Let W = [w ], ; x<, T€Present
the (weighted) adjacency matrix of G. The degree matrix D of G is D =diag(};_, Wi, ..., 2y, Wy)- Based on the definition of the
random-walk normalized Laplacian L = D~!(D — W), each component of L is written as

=1 L= (et )). 20)

=1 Wik

This extended definition continues to satisfy the three properties mentioned in Remark 1. Thus, the entire proof for Theorem 1
remains valid. Next, assume that G represents a directed and weighted graph with the weighted adjacency matrix W = [w;; ], <; k<
Here, w;, denotes the arrow weight from node j to k, where 1 < j,k <n. Let D =diag(}¥;_, Wiy, ..., Xy Wy) be the out-degree
matrix of G. Alternatively, one can define the reverse, where w, represents the weight from k to j, and D corresponds to the in-
degree matrix. In either case, based on the definition, the random-walk normalized Laplacian L can once again be expressed as (20),
and properties (i) through (iii) in Remark 1 still hold. Therefore, the proposed algorithm with L defined in (20) continues to satisfy
Theorem 1.

Remark 3. Our proposed regret bound may not hold if other Laplacian representations are used. For instance, suppose that L was
defined using the symmetric normalized Laplacian instead of the random-walk normalized representation (3). If the given graph
represents a hub graph in which the first node is connected to all other nodes, then Y/_ 1/1,|/y/I111; = \/n, which is not bounded
by a constant. Therefore, the final regret bound exhibits an increased order in n. See also Yang, Toni, and Dong [26] for further
discussion.

Remark 4. In deriving the regret bound in Theorem 1, we assumed that z;(r) can be exactly computed, as in Kim and Paik [13].
This assumption appears reasonable since we can choose arbitrary precision to approximate z;(r). The additional regret caused by
the uncertainty of finite Monte Carlo samples can be absorbed in the current bound; detailed discussion is provided in Appendix E.

5. Experiments

We compared the proposed SemiGraphTS with algorithms for (i) semi-parametric bandits without exploiting graph, (ii) linear
bandits exploiting graph, and (iii) linear bandits without graph. For (i), we included running Kim and Paik [13] independently
on n users to fully personalize recommendations (“SemiTS-Ind”), running a single instance of Kim and Paik [13] for all users to
synchronize recommendations across users (“SemiTS-Sin”). For (ii), we considered a Laplacian regularization-based method (Yang,
Toni, and Dong 26, namely “GraphUCB”) and clustering-based methods (Li et al. 17, “SCLUB”; Li, Wu, and Wang 15, “DyClu”).
For (iii), we included “LinTS-Ind” and “LinTS-Sin”, running Agrawal and Goyal [3] in “independent” and “single” fashions. Every
bandit algorithm involves a hyperparameter that controls the degree of exploration, either through the variance of fi(r) in the
TS-type algorithms (e.g. v; in our algorithm) or through the confidence width in the UCB-type algorithms. In graph-based and
independent bandit algorithms, we use the same value across users, i.e., v; = v. Another hyperparameter is 4, which controls the
strength incorporating the graph structure. We tuned (v, 4) by a grid search for first #, rounds, with v € {1073,1072,10"!,10°,10'} and
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Fig. 1. Current cumulative regrets under the non-stationary scenario (left) and the stationary scenario (right). All regrets are relative to that of the random selection.

A€ (573,572,571 50 51} Then, with the best combination of hyperparameters, we assessed each algorithm for over next T rounds.
Other hyperparameters were set as default for each algorithm. All computations were conducted in a workstation with AMD Ryzen
3990X CPU and 256 GB RAM. All results were generated over five replications. In all Figures, we report the average in solid line and
the confidence band (average + 1.96 x (standard deviation)/ \/5) in light band.

Synthetic dataset We generated data under (1). We considered v;(r) as v;(r) = —ba*(,)(t)T u; to simulate a non-stationary scenario
and V(=0 for a stationary scenario. We fixed n =30, N = 10,d = 40. For each time ¢, we chose j, uniformly at random. We
constructed the item features as b;(t) = (I(i=1)z; ()T, 1(i=2)z,(")T,..., I(i=N)zy@)")", where z,(t) follows a uniform distribution
on d’-dimensional sphere (¢’ = d/N). A random error #; ;(r) was generated from N (0, 0.12). Such settings have been considered
in Kim and Paik [13]. Next, the user network ¢ was generated following the Erdos-Rényi (ER) model, in which the edges were
generated independently and randomly with probability p. We set p = 0.4. Then we constructed the true user-specific parameters
u € R™ according to u = argmin s cgua [|| u - /40”2 +rW (LT )Y ], where p, € R" is randomly initialized, L is the random-walk
graph Laplacian of G, and y >0 [27]. We put ¢, = 5,000 and T = 50,000.

Fig. 1 displays the result for the non-stationary scenario with y = 5. This scenario satisfies all of our assumptions. As expected, tne
proposed SemiGraphTS outperformed other algorithms. Compared to SemiTS-Ind that was the second-best, SemiGraphTS recorded
the final cumulative regret decreased by 11.5 percent and the performance gap was larger in small 7. This observation is anticipated;
since both algorithms specify the reward model correctly, it is natural that the two algorithms will converge to the same result.
However, because the proposed algorithm uses a more efficient estimator and exploration strategy by exploiting the graph structure
while SemiTS-ind does not, the cumulative regret is significantly smaller than SemiTS-ind when T is small. The third best was
SemiTS-Sin, although it performed the best in early rounds. Since SemiTS-Sin estimates only a small number of parameters, the
fitted coefficients may have been converging fast to a biased target. Another observation is that SemiGraphTS outperformed the
linear graph-based methods. This may suggest that our method could robustly leverage the graph structure when non-stationarity
exists. As a next experiment, we tested the same setting but under the stationary scenario v;(r) = 0. Note that both linear and
semi-parametric algorithms have theoretical guarantees for this case. The result is reported in the right panel of Fig. 1. We see
that the linear graph-based algorithms (GraphUCB and SCLUB) outperformed SemiGraphTS. Similarly, LinTS-Ind outperformed
SemiTS-Ind. We hypothesize that accommodating the nuisance terms in semi-parametric algorithms may delay convergence of fitted
coefficients, which is a price to pay for robustness. In Appendix F, we report additional simulation results based on another choice
of v;(1).

For sensitivity analysis, we tested the performances of the algorithms against graph strength and graph misspecification. First, we
assessed the performance of the proposed method with varying y. In practice, the value of y is unknown and varies largely across
different applications. In the left panel of Fig. 2, we tracked the final cumulative regrets for y =0 (y, pty, -+, 4, are not enforced to
be smooth over the given graph) through y =20 (u,, iy, -+, u,, are almost the same), under the non-stationary scenario. A larger y
indicates a stronger similarity between y;’s. For large-y cases, SemiGraphTS was between those of SemiTS-Ind and SemiTS-Sin.
For small-y cases, SemiGraphTS was comparable to SemiTS-Ind and outperformed SemiTS-Sin with a large margin. In other words,
the proposed method performed robustly well in the given range of y. Second, we assessed the performance of the proposed method
with varying number of sign-reversed nodes, varying the proportion of node js in which the signs of y; were reversed. In practice,
graphs may be misspecified due to unobserved connections, etc. The misspecification proportion is unknown and probably varies
across applications. The right panel of Fig. 2 shows the results. When the proportion was large, SemiGraphTS behaved comparably
to SemiTS-Ind, while SemiTS-Sin performed poorly. It is natural that SemiTS-Ind performs close to ours when the proportion is
high, since in this case the graph information would not be useful any more and the algorithms that do not use this information
could perform better. In summary, the proposed method performed robustly well across the given range.

Scalability Fig. 3 reports the average runtime per step of each algorithm, varying the number of users n (left panel), the number of
features d (middle panel), and the number of arms N (right panel), fixing other settings the same as in the non-stationary synthetic
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Fig. 2. Final cumulative regrets under the non-stationary scenario, while varying y (left) and the proportion of sign-reversed nodes (right). All regrets are relative to
that of the random selection.
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Fig. 3. Average runtimes of the algorithms over varying n (left), d (middle), and N (right).

experiment. SemiGraphTS was slightly slower than SemiTS-Ind. This difference is expected; the construction of i O] and r;®
depends on the degree of the node (user) to serve, which increases linearly with » in the ER graph we tested. A comparison of the
semi-parametric methods with the linear methods revealed that each of the semi-parametric methods costed more time than its linear
counterparts, mainly due to the Monte Carlo approximation of the arm selection probability. One exception was that SemiGraphTS
was faster than GraphUCB as n increases. Overall, SemiGraphTS demonstrated comparable efficiency for large graphs when 4 and
N are in a moderate range.

Real data example The LastFM and Delicious datasets are from a music streaming service last.fm and social bookmarking web service
Delicous, released by Cantador, Brusilovsky, and Kuflik [5]." The LastFM dataset consists of n = 1,892 nodes (users) connected by
|E| =12,717 edges, and 17,632 items (artists) described by 11,946 tags. In the delicious dataset, there are n = 1,861 nodes (users) with
|E| =7,668 edges, and 69,226 items (artists) described by 53,388 tags. The datasets contain aggregated tables for the frequencies of
(user, artist) pairs, representing the number of times a user listened to any music of an artist. For each dataset, we generated an
artificial history of ¢, = 5,000 and 7 = 50,000 rounds following Casa-bianchi et al. [6] and Gentile, Li, and Zappella [10]. In short,
we randomly sampled one user to serve and N =25 artists for each round. As item features, we used the first d =25 principal
component scores resulting from a term-frequency-inverse-document-frequency (TF-IDF) matrix of artists versus tags, treating artists
as “documents” and tags as “words.” We set the reward to 1 if the selected user ever listened to a selected artist and 0 otherwise.
Fig. 4 displays the cumulative rewards of the considered algorithms for the two datasets, relative to that of the random selec-
tion policy. In the LastFM dataset (left panel), SemiGraphTS produced the best final cumulative reward, 16.7 percent higher value
compared to the second-best algorithms. In particular, SemiGraphTS uniformly outperformed SemiTS-Ind and SemiTS-Sin, which
we believe that the proposed method might have exploited the graph structure successfully. Compared to the linear graph-based
algorithms, SemiGraphTS underperformed GraphUCB in early stages but eventually outperformed them. This result is somewhat
anticipated from the synthetic experiment; the presence of nuisance term might have slowed down the learning process of the
proposed method but enhanced the robustness of against the change of timely trends. In the Delicious dataset (right panel), Sem-

1 URLs: http://ir.ii.uam.es/hetrec2011/.
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Fig. 4. Current cumulative rewards for the LastFM and Delicious datasets, normalized by the random selection policy.

iGraphTS algorithm again attained the highest final cumulative reward, despite exhibiting lower performance than several other
algorithms in the initial stages. Notably, it outperformed other algorithms, except SemiTS-Ind, by a significant margin. This may
again suggest the robustness of semi-parametric models against nonstationarity. The performance gap between SemiGraphTS and
SemiTS-Ind was relatively small, at 3.7%. This finding is consistent with prior literature which highlights the crucial role of personal-
ization in this dataset, and indicates that leveraging the graph provides only a marginal benefit [6,24]. A hyperparameter sensitivity
analysis on both LastFM and Delicious datasets can be found in Appendix G.

To summary the synthetic and real-data experiments, the proposed algorithm appears to robustly achieve desirable performances.

6. Concluding remarks

This study proposes SemiGraphTS, the first algorithm for the semi-parametric contextual bandit MAB problem for multiple users
equipped with a graph encoding similarity between user preferences. SemiGraphTS is well suited to more realistic problems in which
individual baseline rewards change over time. Experiments demonstrate the potential advantage of SemiGraphTS.
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Appendix

In Appendix A, we introduce lemmas for theoretical derivation. In Appendix B, we discuss the rationale behind the variance
formula (9) utilized in the Thompson sampling step of our algorithm. In Appendix C, we complete the proof for Theorem 2. In

10
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Appendix D, we provide the proof for Theorem 1. Finally, in Appendix E, we discuss the derivation of the regret bound that addresses
the approximation to exact r;(t) by Monte Carlo sampling. In Appendix F, we provide more simulation results. In Appendix G, we
analyze a hyperparameter sensitivity of the proposed algorithm on both LastFM and Delicious datasets.

Appendix A. Auxiliary lemmas

Lemma 5 (Simplified version of Corollary 4.3 in de la Pefia, Klass, and Lai [7]). Let X, € R and ¢, € R be random variables for t = 1, ... ,t.
Let A(t) € R% be a symmetric and positive semi-definite matrix. Suppose that, for all u € R¢,

t
E [exp {uT ZXTCT - %uTA(t)u}] <L
=1

Then, for any & € (0, 1) and any symmetric positive definite matrix Q € R, the following holds with probability at least 1 — &:

t
2 Xe,
=1

2

52

{ det(Q + A(1))/ det(Q) }
<logy ———— ;.

(Q+A@)~!

The lemma below is Lemma 7 in de la Pefa, Klass, and Lai [8]. See also Lemma A.3 of Kim and Paik [13] for proof.

Lemma 6. Let {F,}! _, be a filtration. Let X, € R¢ and c, € R be F,-measurable random variables such that E(X,|F,_)=0, X, Lc |F,_,,
IX.|l < B, and ||c.|| <1 for some constant B, = = 1,...,t. Then, for any u € R¢,

t t t
E |:exp {uT ZXTCT - %uT (2 X, X7+ Z[E(XTX,T|F1—1))“}:| <L
=1 =1 =1

Lemma 7 (Azuma-Hoeffding inequality). If {M,}XT:0 is a supermartingale satisfying |M, — M,_,| < ¢, for all t almost surely, then for any
a>0,

2
[P’(lMT—MO|Za)§exp - .

T
2% ¢
Lemma 8 (Abramowitz and Stegun [1]). If Z is a standard normal random variable, then for any u > 1,
Lo (-4)
\/;u 2

Appendix B. Motivation for the variance formula (9)

1

24/7mu

2
exp <—7> <P(Z|>u)<

We follow the lines of Appendices B and C in Yang, Toni, and Dong [26]. Suppose that we estimate the parameters for all users
simultaneously by a semi-parametric estimator with regularization by a graph Laplacian L. Then, we may consider to estimate
U :=(;4{,...,;4,7:)T €R" by

Pt =M'®,Y,.

Here, M, is a nd X nd matrix in which the (j, k)-th d x d block M, is

M, =B,O)=%; +%;, +Alj;I;, My, =il (G#K).
Next, ®, is a nd X (t — 1) matrix whose z-th column ¢, € R" is
¢, =[0F, ....07, 2xT, of, .. ,0f]",
—_—— —_——

Jr—1 times n—j, times

and Y, € R*~! is the reward vector, i.e.,

Y, =g jy, (D7), @ Py, = DI

Assume that each error term #; ;(7) independently follows a distribution with mean zero and variance o2. Then, as in equation 34 of
Yang, Toni, and Dong [26], the precision matrix of 7* in a fixed design setting, denoted by A,, is

1

A, = ;M,A,‘]M,,

11
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where A, = ®,®] € R">"_ Note that the j-th d xd diagonal block of A, is A, :=4 ZTGT/_ L XX = 48 ;,- From equation 38 in Yang,
Toni, and Dong [26], the j-th d X d diagonal block of A, is

A 1

1
it MJJ tA M//f+ZM/krAker/ f] .

k#j

From construction, we recall that M;;, = B;(t) =X, , + f‘,jyt +4l;;1, and M, , = Al ;; 1,. Moreover, from the definition of ®,, we have
A;,=4%;,. Thus,

_ 1 1 22 8
A =— o [B %) B (z)+2,1 2Eal
k#j
Now, we claim that we can approximate A " by #F (0, where I' (0 is defined in (9). Note that & = ZTE%H X, X rT may be
numerically unstable when its inverse is taken, since it is not of full rank at early stages. Therefore, we may want a perturbed version
of X, say X;, +cl, for a constant c. In addition, we remark that X, , ~ X, when |T},_,| is large. To see this, observe that

1 ~
m(z’j,t -Z)
Ly Z[{I(a(ﬂ—z)—n(r)}{b(r)—b(r)}{b(r) b))
| Jit= ll TET, | i=
Since {I(a(r) = i) — z;(r)}, is a martingale adapted to {F,}, and ||b;(r) — b(z)|| is bounded, IT = (ij’, - X, — 0 in probability as

|7;—1] = co by the Azuma- Hoeffding inequality (Lemma 7). Therefore, taking ¢ = A/;;/2 and approximating s . DY (Z +ZX;,)/2, we

S A%+l
2

obtain ﬁjiy, =B, (t)/2 So,

B0\~ B\
Ajy,zé[zaj(z% 2 > Bj(z)+,§,12lf.k(%> ]
-J

_ 1 2,2 1
=33 [Bj(t)+I§/l 1B ]
J

1
)
We handle the constant factor 1/2¢2 in v ; in the Thompson sampling variance. Therefore, the use of A, is approximately equivalent
to the use of T'; (7).

—T,0.

. s . NP DS T
We note that while other approximations may be considered, our approximation X; , ~ i _ g ;(1)/2 could be a favorable

choice, as it not only simplifies the expression that leads to I';(z) in (9) but also exhibits reasonably good empirical performance.
Appendix C. Proof of Theorem 2

The proof of Theorem 2 follows the sketch in the Regret Analysis Section.
C.1. Proof of (11)

By the semi-parametric reward assumption, for k=1, ...,n,

B =B Y 2X, {v@)+ b+, }

€Tk 11

=Bk(1)‘l{ Y 2Xvm+ Y 2X XDy

€Tk -1 €T}

+ ) 22X e+ Y 2x,r,,}

€T -1 €T} -1

=B, { (ik,t + Zk,t) + (ik,r - Zk,r) + A dy — My dy } Hi

+ B0 Y 2X, (v + b )+ Y, 2X,n,

T€T} -1 T€T} -1

12
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=, — Al B ()™ B! B E 2X
My e Br@®) ™y + B ()7 A (1) + B (1) i/

€Tk -1
By the relation above, the proposed estimator satisfies

.‘/4\/'([)_”/‘
= [Bj(z)l Zujkﬂk] + |:Bj(t)1 Z/IZIjklkkBk(t)lﬂk]
k=1 k#j

+2|B07" Y Xon [-2| B0yt Y Ay Byt Y Xon,
Ten.r—l k#j Ten.r—l

+ B, A;(0)] - [B,(r)" ZﬂjkBkO)—IAk(z)] :

=y

Now, left-multiply 5¢ #" on each side of the equation above and applying Lemma 3 on the six terms in the right-hand side yields the
desired result. []

C.2. Proof of (16)

Fix k (k=1,...,n). Note that when F,_, and a(z) are given, X, is fixed and 7, is R-sub-Gaussian. Then, from (7), for all u € R¢,

E [exp{uTXT (”_T) - luTXTXTu} FT_],KI(T):| <l
R 2 v

This leads to

E|expiu’ 2 X.c, — %uTik’,u <1,
€T -1

which satisfies the assumption of Lemma 5 with the choice of X, =X, ¢, =n,/R, Q= Al I, + X, and A(t) = fk,,. Then, for any
0 < 5 < 1, with probability at least 1 —&(|7; ,_| + 1/n)/(31%),

det(By (1)/ det(Al Iy + 2 )
Z Xon, SRJlog{ GUT 1+ 1/m/30) .
€T} -1 B! k=1
We may assume |7;,_;| > 1, otherwise the left-hand side of (C.1) is zero. The determinant-trace inequality for det(B, (7)) yields

d
det(B,(1) < (@)

(C.1)

<tr(/11kk1d) +Xeer, tr(X, X7 + E(X, XT|

Fe\’
d

where we used || X, || <2. On the other hand, since %, is positive semi-definite, we have det(Aly 1, + 2, ) > det(Alyy 14) = (Aliy)°.
Then, ford >2and 7> 1,

817 11\ ¢
S(llkk+ |1;,r 1|> ’

det(B; (1)) 817,11\ d
— 7 <1+ i <87, I 1)
det(My Iy + 2 ,) daly, , Al

Sinced >2,t>1,0<é<1and 1 <|T,_| <1, the right-hand side of (C.1) is further simplified by

R+ l1o det(By (1))/ det(Aly 1y) <R
8\ G+ 1 /my3eR [ \

d
1
o 81Tl (14 5)

2 (Tl +1/n)?

0g

d
T 1
13d 8d3d| k=1 |d (1 Mix )

\ o (Tesmr | +1/m)?

13
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2473 1
<Ryldlogd 27 i1+
< \/ og{ 5 |k,z—1|< +}'lkk>}

4
<Ryfdlogd 20 (14 L\ L
5 T

Combining (C.1) and the result above, for any 0 < 6 < 1, we have

2414 1
X < R4/dl — |1+ —
Z e - \/ Og{ 6 ( " Ay > }

€T -1
with probability at least > 1 — 8(|7; ,_; | + 1/n)/(3t*). This concludes the derivation. []

B (7!

C.3. Proof of (17)

Fix k (k=1,...,n). Recall the definition of A, (),

4D g1 <2| X, Xo(v@ +B@) 1) (C2)

TETk,t—]

+

Z D‘[”k

€T} -1

B (7!

For the first term of the right-hand side of (C.2), Lemma 6 yields

B (7!

E|expu” Z XTcT—%uT(ik’,+Zk’,>u <l

€Tk 11

for any u € R?, where ¢, = (v(7) + b(z)" uy)/2. Then, we can apply Lemma 5 with A(f) = ik’, + %, and Q = Al I, to obtain the
following inequality with probability at least 1 —8(|7; ,_, |+ 1/n)/3¢%:

i det(By (t))/ det(Aly ;)

2 X b(o)" 2411 . C.3

& e - \J 0g{<5<m,,1|+1/n>/3z3>2} €3
k=1 Bk(t)’l

We can bound (C.3) similarly as in bounding the right-hand side of (C.1). Therefore, with probability at least 1—8(|7; ,_, |+ 1/n)/3#3,

> X, (V) + b)) gz\/dlog{& <1+L)}. c4
B My

7€k -1 Byt~

For the second term of the right-hand side of (C.2), we let Y, . = D,y and observe Y, , € R?, E(Y, ,|F,_;) =0. It is straightforward
from Lemma 4.4 and its proof in Kim and Paik [13] to derive

E|expiu’ Z LY,{’T—%uT(ik’,+Zk’,>u <l

7€ k-1 \/E

for any u € R?, which again satisfies the assumption of Lemma 5 with the choice of X, =Y, ., ¢, =1/ V2 and A(t) = ik’, +Z; ;. Then,
putting Q = i/, I,;, we have with probability at least 1—8(|7;,_| + 1/n)/38,

Z D py < \/EJ log{ det(By (1))/ det(Alx 1a) }

£ 6Ty | +1/m)/3637

B!

<V2 dlog{zfs—’4<1+L>}. (C.5)

My

Plugging (C.4) and (C.5) into (C.2) yields bounds for each user:

2414 1 26(| Ty ya 1+ 1/m)
”Ak(t)”Bk(z)*l S6\/‘1 log { 5 (1 + m) } >1- v e

i)

Finally, applying the union bound argument yields

, 244 1 25
Vk = 1,...," . ||Ak(t)||3k(l)’l S6\/d10g{7 (1 + m)} Z 1- E, (C.6)

i)

14
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which completes the proof. []

Appendix D. Proof of Theorem 1

The proof incorporates the lines of Agrawal and Goyal [3] and Kim and Paik [13] with the proposed estimation and Thompson
sampling steps. Throughout the Section, we write as j = j;, b, = b,;)(7) and 1, = n1,¢), . (0 for brevity. We reserve k (k=1,...,n) to
denote user index. The proof has six steps:

(a) (Theorem 2) To establish a high-probability upper bound of |5¢()(ii HOEIDIB

(b) (Lemma 9) To establish a high-probability upper bound of |b,‘.’(t)(/7j(t) -0 ()] given Fy_;.

(c) (Definition 1) To divide arms at each time 7 into saturated arms and unsaturated arms.

(d) (Lemma 10) To bound the probability of playing saturated arms by a function of playing unsaturated arms.
(e) (Lemma 11) To bound regret(t) given F,_, for each 1.

(f) To bound R(T) and complete the proof.

We begin with step (b).

Lemma 9. Let E”(t) be an event defined by

EF () = {w 1B T (1) = )] < w5, (0 min{ /4d Tog(2dT), \/410g@NT)) } ,

foralt>1, P(EF(0)|F,_)=1-1/T2

Proof. We first show |bf o’ () = ;O] < v; sf, j(t)\/4d log(2dT). Given F,_;, the values of b{ (1), [';(t), and /;(t) are fixed. Then, for
i=1,...,N, we have

B0 Gy = ,0)| =

1 1
0BT - %Fj(t)f(ﬁ,(t)—ﬁj(t))

L0200 -0

<v;sS.(0)||—
Yj

JULj

2

d
=0;5¢ (D)4 Z Z,(1)2, (D©.1)
=1

where Z,(t)|F,_; (I=1,...,d) identically and independently follow the standard normal distribution. We apply Lemma 8 with the
choice of u = /21og(2dT?). Noting 1/210g(2dT?) < y/21og(22d?T?) = \/4log(2dT),

P (|Z,(t)| > \/4log(2dT)‘P,_1) <P <|Zl(z)| > \/210g(2dT2))7’,_1>
< ! - < ! s
V2rlog(2dT?) 2dT? ~ 2dT?
for each /=1,...,d. Then, by a union bound argument,
P (vz: L...d :|Z,®|> \/410g(2dT)|F,_] ) < # (D.2)
Therefore, combining (D.1) and (D.2) yields

[P’(Vi:

~ ~ 1
BT (0 — iy (0)] < vy, (0V/4d 1og(2dT)) 21-
On the other hand, by the observation that bl?(t)T(ﬁj(t) -i () F,—y (i=1,...,N) identically and independently follow the standard

normal distribution, one can apply a similar technique to derive |bl?(t)T(,t7 (N — m )l <v jsf’j(t)\/4log(2N T) with probability at least
1 —1/(2T?) given F,_,. Combining the two bounds, we obtain the desired result. []

In step (c), we divide arms at each time 7 into saturated arms and unsaturated arms. Note that C(r) implicitly depends on j,.

Definition 1. Define C(), the set of saturated arms, by

Cty={i 2 BT p; +g,(Ts¢ (0 < by o 1y},

where g, (T) = a,(T) + v, min{1/4d log(2dT),1/41og2NT)} and a;(T) = (4R + 12)- \/dlog{(24T4/5)(l +A D} + Vaa + 1AL, k=
1,...,n.

15
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In step (d), we establish that the probability of playing saturated arms is bounded by the probability of playing unsaturated arms
up to constant multiplication and addition.

Lemma 10. Given F,_, such that ER(r) is true,

1 1
P (a(r) € COIF,_;) < ;P (a) g COIF,_;) + IF,

where p= 1/(4e\/;).
Proof. Since a(t) = argmax, ;< n {b¢ ()7 i, (1)} by definition, if by, ()T f;(t) > bS(1)T 11, (1) for every i € C(1), then a(r) & C(2). This implies

P (a() g COIF,_1) 2P (Vi € C(t) : by T ;) > BEOTHOIF,_y) - (D.3)
On the other hand, when E¥(r) is additionally true,
b0 () SOy + g;(T)s (1) (Def. of EF(r) & EF(1))
< ba*(,)(t) Hjs (Def. of C(1)),

which implies that
P (bar )" 1y < by O H(DIF,y)
<P (Vie O : BEOT 0 < by O B OIF,y ) + (1 -p (Eﬁ(t)lT’H )) (D.4)

The left-hand side of (D.4) can be lower-bounded, because the normality of ﬁj (t) and Lemma 8 yields

-)
)

e ( baso O T =AY O)  burio® Gty = A, 0)

U]Sa*(r)j( ) U] sa*(f)l(t)

|Ft 1>

P <b w oy OT (O > by (O |,

(Z(t)>

where u=a;(T)/v; and Z(t)|F,_, is a standard normal random variable. Note that u < 1 by the construction. Therefore,

P (b (T 7 () > by (O ;1 Fy) = (D.5)

1
e\/;
Combining (D.3), (D.4), (D.5) and Lemma 9, we have

1
P (a() g C(OIF,_y) + 5 2p
which implies

P (a(t) € CO|F,_y) <1l

P(a) @ COIF_)+75 P

T
This completes the proof. []

Before proceeding to bound the cumulative regret, we bound each regret(r) given F,_; in step (e).

Lemma 11. Given F,_, such that ER (1) is true,

58, _ 4g,(T)

(“(T)J(I)lr’ ') T2

E (regret(t)|7-’,_]) <
Proof. Let a(r) = argmin;gc, sf’j(t). If F,_, is given, then a(r) is deterministic. This value is also well-defined due to a*(¢) & C(r). Under
F,_, such that both E#(r) and E#(r) holds,

by 1

= by 1y = bary O 1 + by

16
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<855, ;0 + bay " 1y (a(t) & C(t) & def. of C(1))
<85, 0+ ba (O (1) + g, (s, () (Def. of EA(r) and E*(1))
< 28;(T)sl,) (0 + bay (O ;1) (Def. of a(1))

< 28;(T)si,) 0+ bay (O py +8;(T)séy,) (1) (Def. of Ef(t) and E¥(t)),

a(t),j

which yields

regret(t) < 2g;(T)s; ., (1) +g;(T)st , (1).

at).j a(t),j

Then, under F,_,; such that EA(1) holds, the following holds from inequality above, Lemma 9 and |regret(t)| < 2:
E (regret(n)|F,_,)
=E (regrez(z)I(Eﬁ(r))m_] ) +E (regret(t){l — IEFm))|F,_, )

<28, (T8¢, 0+, (DIE (55, 01Ty ) +2(1-P (EF0IF, )

< 24,155, 0+ & (T)E (55, O1Fy ) + 5. D.6)

We now further bound sg( t)j(t). Observe that

Sz ®

=S5_

€, O {Pa®) € COIF_) + Plat) € COIF,p)}

= 58,0 { Zp(a(n) & COIF,_p) + % } (Lemma 10)
SN ()]
2 a@).j
= 2 (850, 1@ £ CONF ) + =2
)]
< %fE (55, 0T @ & O, ) + [()’)T”z (Def. of a(1))
2 1 . .
S; ( a(r)/(t)lrf 1) ﬁ (s,.’k(t)sl for any i, k,1)

Combining the inequality above and (D.6) conclude the proof. []
In step (f), we complete the proof.

Proof for Theorem 1. Let

M, 1= regrei(I(EF (1) - &0 Sa(, ) = B e,
p 5Jt PTZ
with M, =0.
We apply martingale arguments for each user k =1,...,n, and aggregate them by union bound. Fix k and let T} = |7, |. Due to
Lemma 11 and 57,0 <1, AM, beopur is a supermartingale process satisfying |M,| < 10g,(T)/p. We apply Lemma 7 with the choice

of ¢, = 10g,(T)/p and a = (10g,(T)/p)/2T, log(2T /(6T})) that satisfies exp(—a>/(2 > ctz)) = 6T, /(2T). This yields

Y regret)I(E* (1) <

€T, 1

5g,(T 4g(T)  10g,(T

&) Y sl g"; ) 4 108 2T, 10T/ (5T}) D.7)
po G p p

with probability at least 1 — 67, /(2T). Since T} + ... + T, =T, a union bound argument over k =1,...,n leads to

T

Z regret()I(EF (1)) <

=1

n 50.(T 4o, (T 10g,. (T

po] EEE YO gk; L D) o Toe T T ®
k=1 4 €Tkt k P

with probability at least 1 —5/2.

17
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On the other hand, we apply a union bound argument to Theorem 2 over ¢ = 1,...,T and replace § with 35/z%, which yields
P(EA() forall t=1,...,T) > 1 — 5/2. Then, regret(t)I(EA(t)) = regrei(t) for every ¢ with probability at least 1 — /2.
Therefore, with probability at least 1 -6,

T

z T 4g (T) 10g, (T
Z regret(t) < z Sgk; ) z SZ(:).k(l) + 8D + % V2T, log2T /(6Ty)) |-
k=1

=1 €T T

Now, by Lemma 12 below and the definitions of g,(T) and p,

R(T) < ZO<Wk,T {\/dlog(m,rl>+\/3||Ak||}x
k=1
min{\/d 10g(d|Tk’T|),\/log(N|Tk,T|)} \/d|Tk,T| 108(|Tk,T|))

with probability at least 1 — §, which completes the proof. []

Lemma 12.
> =0 <\Pk,ﬂ /d|T,<,T|1og(|Tk,T|)> .
t€Tr

Proof. We recall that Wy 7 = ¥,cr. 1 Xillr -1/ Zier,., 1 Xill g1 and that W7 € (0,1) due to () < B,@t)"! for all j, t. Since
Z,EQT SZ(I),k(t) = ZteTk_T ||X,||rk(,),1 by the definitions of sik(t) and X,, we have

Z 52([),k(1)=wk,T z ”XT”Bk(t)*]'

€Ty t€Tyr
We now claim ZIGT’(T ||Xf||3k(,)—l =0 (, /lekyTllog(lTk'Tl)). This has been proved in similar settings [2,3,24,13]; for complete-
ness, we present the proof. Define s, (f) = ||bf(t)||Bj(k)_1. Note that s, ; (1) = X; and Zrerk;,‘ X Mg, )1 = Then, XNl 1 =

ey Sank(D)- Following the lines for equation 60 of Vaswani, Schmidt, and Lakshmanan [24], we can derive

log [det(B, (1 + 1))] > log [det(Al I)] + Z log (1 + 5,04 (7)?) . (D.9)

€Tk,
On the other hand, the trace of B (r+ 1) is
tr (Bt + 1)) <8|Tp | + Aljd, (D.10)

where we used ||X,|| <2 by construction. Plugging (D.9) and (D.10) into the determinant-trace inequality {tr (B,(r+1))/d }d >
det (By(t+ 1)), equivalently dlog {tr (B, (t+ 1)) /d } > logdet (B, (t + 1)), we obtain

8|71
dlog( d’T +/11kk> > dlog(Aly,) + Z log (1 + 5404 (7)?) s

7€ ks

or,

8|Tk,r|>

2 log (1 + 540 4(7)*) < dlog (1 + T,

€Tk,

Now, we bound Y Sa(r).x(7)? by the result above. First, we have s, ,(r)* € [0,1/(Al;;)] because

€Tk

— -1 —
Sae k(D =0T B (1) b, <7 (Ml dy)™ b, <A™

Considering a function f(#) =log(l +1)/ [Al log (1 + (Al,)™")], f satisfies 1 < f(¢) for all # € [0, 1/(Al,)]. Therefore,

1
Sae k() < 10g (14 Sqr) ()2
TGZT‘:J a(o)k Ay log (14 (Alg)™") TEZTM (14 5404(0)°)

d | kT|>
< log( + .
Mg log (1+ (Al)™h) d Al

18
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Algorithm 2 A special case of the SemiGraphTS algorithm that approximates z;(¢) by the Monte Carlo sampling (SemiGraphTS-MC).

1: Fix 4> 0 and M. Set B;(1)= Al,;I,, y,(1) =0, and v; = (4R + 12)y/d log {(24T*/6)(1 + 4~1)} + VAL + | A1) for j=1,....n.

2: forr=1,2,...,T do
3: Observe j,.

4 for j=1,2,...,ndo
5 if j # j, then
6: Update B;t+1) < B;®), i;(t+ 1) < j1;(®), and Y+ 1) < y;@0).
7 else
8 ;0 = ji;(0) = B0 Ty My ().
9: L1« B;(n+ Azzk#jljszk(t)’l
10: form=1,2,---,M do
11: Sample (1) from Ny ), ufl“j(t)*‘)
12: end for
13: fori=1,2,---,N do
14; Compute #,()= - T {i = argmasx, (bko)Tﬁ;"(t))}
15: end for
16: Sample a(r) from Multinom(z, (), -+, T ().
17: b0« XN 7(0b;(1) and X, < by, (1) = b(1).
18: Update B;(r + 1)<—B[(t)+XIX’T+Z,A:’1ﬁ,(t)(b,(t) = b)(b; (1) = BT, y;(t + 1)<y, (D+2X,ryq (0, and ji;(t + 1) =B, + 17"y, (t + 1).
19: end if
20: end for
21: end for

Finally, from the Cauchy-Schwartz inequality and the result above,

2 Sa k(D) <4/ 81T r Z 5 4ok (7)?
€Ty, €T,

d|T; T
< | 10g<1+ | jk’t|>.
Mg log (14 (Al)™") d Al

Since I, =1 by the definition of the random-walk Laplacian,

2 Sa(r)ﬁk(f) <

= Alog (l + %)

d|Terl 10g<1+8|Tk,T|>
di ’

which proves the claim and concludes the proof. []

Appendix E. Regret bound when x;(?) is approximated by Monte Carlo sampling

In this section, we analyze the additional regret induced by approximation and show that the regret upper bound of the alternative
algorithm has the same order as the bound of SemiGraphTS.

Our discussion is based on Algorithm 2, a special case of the SemiGraphTS algorithm (Algorithm 1), that explicitly states that we
use the Monte Carlo approximated values of z;(r) for action selection. Before action selection, Algorithm 2 computes first the Monte
Carlo approximates of z;(r). We denote the approximated value as 7;(¢). Then, Algorithm 2 samples the arm from a multinomial
distribution with size 1, say Multinom(z, (¢), -+, 7 (¢)). In comparison, Algorithm 1 samples a(r) ~ Multinom(z, (¢), -+ , 7 5 (1)).

We now discuss the regret bound for Algorithm 2. We highlight the key differences from following the lines of Appendix D. Let
the filtration 7,_, further include all Monte Carlo samples up to time 7 — 1.

For step (a), Theorem 2 directly holds with =;(r)’s replaced with 7,(r)’s since the approximated values 7;(r)’s are now the true
probabilities of the arm selection.

Steps (b)-(e) in Appendix D exploited that the arm is selected from the exact probability. In other words, those results were
derived if we select arm according to a(f) = argmax ;. {b,.(t)Tﬁjr )} (.e., a(t) ~ Multinom(z; (¢), -+-, 7 (1))). Now we show through an
inductive argument that the remaining proofs are still valid with the new arm selection a(r) ~ Multinom(7, (¢), -+, 7 (1))-

Suppose that until round 7 — 1, we have sampled arms a(z) ~ Multinom(z; (z), ---, Zy (7)), 7 = 1, -, — 1. Then we have the desired
high-probability upper bound for the estimate ji;(?) for every j =1,---,n (Theorem 2). Now suppose that at round ¢, we sample the
arm a(f) = argmax ;< N{bi(t)Tﬁjt(t)}. Then the proofs (b)-(e) go through, and by Lemma 13 we have,

E ((bar @7 1y, = bao T ) IER@)IF,_y )

4g, (T)

< O )+ = ED

5g,(T)
» [E<Sﬁ<r>,j,
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Then, given F,_, such that EA(¢) is true,
E (regret(t)|T‘,,1)
=E (ba*(n(’)T”j, = bay @ 1,171y )

=E ((bg*(t)(I)T”jr - bﬁ(t)(t)’r”jt) + (bﬁ(t)(t)THj[ - ba(x)(’)Tﬂj,)|Fr—1)

5;,(T) _ /| 4g; (T) r r
S p E (Sﬁ(t),j,(t)lrt—l ) + T2 +E (bﬁ(,)(l) Hj, = bay (D" 1, |Pz—1>

ngr () 4gfr (T)
— T T
= E (sfl([)’j[(t)lf',_l ) + T +E (bﬁ(,)(t) Hj, = by my, If’,_l)
ngr (T)
+ E (Sg(r»j,(’) = Saw, D111 ) :

As compared to Lemma 13 for Algorithm 1, we have two additional terms to bound; for step (f), those terms appear in the final
cumulative regret. We claim below that the cumulative sum of the two additional terms have lower order than the original regret
bound of Algorithm 1. We first have,

E (ba(r)(’)Tﬂj, = bay " u;, IF,_1>

N N
=E <Z by 1@ =)= Y by, 1(alt) = i)|f’,_1>
i i=1

i=1

N N
= Y b,0" w0 = Y by EGOIF,_y)
i=1 i=1

N N
= Y b wy,m ()= Y by (O g, 7 (1) =0,
i=1 i=1
which is due to unbiasedness of the Monte-Carlo estimate 7;(¢). Since we also have ||bd(,>(t)T Hj, = ba(,)(t)T Hj, || €2, we can show from
the Azuma-Hoeffding inequality, with high probability,

> { e 1, = ba 7 1, } <ONVT). (E.2)

=1

Similarly, we have

/A (s LOIF,))

C C
a5, D = Saj,

Jt

5¢, (1) (X N
= ”T[E <2 sg;, (O1@0 =)= Y 55, () =i)|F, 1>

i=1 i=1

5¢,(T) X
=3 sp;, (O (0) = (1) = 0.

i=1

Hence with high probability,

T 5¢,(T) Smax; g;(T)
Y {5504 0= S0, 0} S =0T, (E3)

Jt Jt
t=1

We remark that the right-hand sides of (E.2) and (E.3) does not depend on d,n, N nor the graph structure. Therefore, our claim holds.
Appendix F. More simulation results

To further support the empirical findings in the non-stationary scenario in Section 5, we conducted additional experiments with
a different choice for v;(t). We considered a random time-varying intercept v;() ~ N (={(j mod 2) + 1},0.1%). Except v;(t), we used
the same data generating process as used in the main experiment. Fig. F.5 displays the cumulative regret under y =5, and Fig. F.6
reports the sensitivity analysis results against the graph strength and graph misspecification. Overall, the results are consistent with
the case of v;(t) = —b,, ()7 ; in the main body.
20
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Fig. F.5. Current cumulative regrets under the non-stationary scenario with v;(t) ~ N (={(j mod 2) + 1},0.12). All regrets are relative to that of the random selection.
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Fig. F.6. Final cumulative regrets under the non-stationary scenario with v;(r) ~ N(={(j mod 2) + 1},0.1%), while varying y (left) and the proportion of sign-reversed
nodes (right). All regrets are relative to that of the random selection.

Appendix G. Hyperparameter sensitivity on real datasets

We assessed how sensitive the performance of our proposed algorithm is to different hyperparameter values when applied to
LastFM and Delicious datasets.

Table G.1 presents the cumulative reward (relative to a random selection algorithm) achieved by running our proposed algorithm
for 50,000 rounds using different pairs of hyperparameters (v, A). When we tried different values for one hyperparameter (either v or
1), we kept the other parameter fixed at the optimal value found in the original experiment in Section 5.

In Delicious dataset, the performance was relatively stable over different choice of v and A. On the other hand, the performance
in the LastFM dataset decayed in large values of v, while it was less sensitive to the choice of A. This may suggest that tuning v, the
degree of exploration, could be crucial in practice.

Table G.1

Hyperparameter sensitivity on two real datasets: Final cumulative rewards (normalized by the random
selection policy) for different pairs of hyperparameters (v, 4). When we tried different values for one
hyperparameter (either v or 1), we kept the other parameter fixed at the optimal value found in the
original experiment in Section 5.

Varying v Varying 4
LastFM Delicious LastFM Delicious
v=573 3.70£0.07 1.74 +0.02 A=107 2.62 +0.05 1.35+0.02
v=572 3.16 £0.06 1.81+£0.04 A=1072 2.76 +0.05 1.36 £0.01
v=5"" 3.11+£0.07 1.57+£0.01 A=10"" 2.97+0.03 1.56 +£0.02
v="5" 2.27+0.03 1.37£0.01 A=10° 3.35+0.08 1.72+0.02
v=>5! 1.69 +0.04 1.35+0.01 A=10" 3.67 +0.06 1.83+0.03
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